Atkinson and Stiglitz (1976) uniform commodity tax result does not hold when (at least) one of the goods is produced within the household. The result is restored if preferences are weakly-separable in market goods versus leisure and household goods.
Introduction
In their classic contribution, Atkinson and Stiglitz (1976) prove that if preferences are weakly separable in labor supply and goods, an optimal nonlinear income tax is sufficient to implement any incentive compatible Pareto-efficient allocation. Put differently, commodity taxes are redundant or should be uniform. The Atkinson and Stiglitz (AS) result has had a tremendous effect in shaping the views of public economists concerning the design of optimal tax systems. This includes the widely-held belief that prices should not be used for redistribution (even in a second best setting), and that in-kind transfers are not useful. 1 First, we show that when (at least) one of the goods is produced within the household (referred to as a "household good"), the weak-separability in labor supply and goods is no longer sufficient to yield uniform commodity taxes. 2 This is because the various marginal rates of substitution between goods are no longer independent of labor/leisure. Separability in leisure notwithstanding, the marginal rates of substitution depend on the quantity of the household good consumed. This opens up a second channel through which leisure affects these marginal rates of substitution. Secondly, we prove that the AS theorem can be restored under a slightly different separability condition. This is when preferences are weakly-separable in market goods on the one hand, and leisure and household goods on the other.
To establish these results, we consider the realistic mixed taxation setting à la Christiansen (1984) that combines nonlinear income taxation with linear pricing (taxation) of consumption goods. The results will hold a fortiori if goods can also be taxed non- 1 Laroque (2005) gives an elegant proof of Atkinson and Stiglitz theorem which does not rely on first-order conditions. Gauthier and Laroque (2009) provide a broader perspective on the implications of separability for the public finance literature which includes a discussion of individual production sets (again eschewing first-order conditions). 2 In the traditional one-consumer Ramsey tax framework, the conditions for uniformity of commodity taxes are weak-separability between labor supply and goods plus homotheticity of the subutility for goods; see Sandmo (1974) . Kleven, Richter, and Sørensen (2000) show that this uniformity result breaks down in the presence of a household production sector.
linearly.
The model
There are  types of individuals, indexed  = 1     , who differ in their wages,   , but have identical preferences over goods and leisure. One of the goods,  0 , is produced within the household, using internal labor, and not sold on the market. Hence it is also non-taxable. All market goods,  = ( 1   2        ), are produced at a constant marginal cost which we normalize to one.
Individual consumption levels are not publicly observable but anonymous transactions can be observed. Hence commodity taxes must be proportional and public sector prices are linear. For the remaining variables, the information structure is the one typically considered in mixed taxation models; see e.g., Christiansen (1984) and Cremer and Gahvari (1997) . In particular, an individual's type,   , and labor input,   , are not publicly observable; his before-tax income,   =     , on the other hand, is. Consequently, type-specific lump-sum taxation is ruled out but non-linear taxation of incomes is feasible.
To characterize the (constrained) Pareto-efficient allocations we derive an optimal revelation mechanism. For our purpose, a mechanism consists of a set of type-specific before-tax incomes,   's, aggregate expenditures on market goods,   's, and the vector of consumer prices (same for everyone) .
To proceed further, it is necessary to consider the optimization problem of an individ- 
To be realistic, assume that, for a -type,  0 =    0 so that  0 varies not only with  0 but also with the individual's productivity   . 3 We can then represent the -type individual's preferences by
Formally, given any vector (  ), an individual of type  chooses  0 and  to maximize his utility
The first-order conditions between market goods are standard yielding
On the other hand, the first-order condition for  0 is given by
Solving equations (1)- (2), along with the budget constraint P  =1     = , leads to the demand functions for  0 and ; they are denoted by  0 =  0 ¡   ;   ¢ and
Thus, a -type individual who is assigned      and is "truthful" will have demand functions
and an indirect utility function given by
Similarly, the demand functions and the indirect utility function for a -type who claims to be of type  the so-called "mimicker", is given by
3 All our results will go through if we also allow  to vary among individuals so that 0 =       0 . We have opted for our formulation simply to avoid cluttered notation.
Pareto-efficient (constrained) allocations
Constrained Pareto-efficient allocations are described, indirectly, through the maximiza-
with respect to    and   , where   s are constants with the normalization P  =1   = 1. 5 The maximization is subject to the government's budget constraint,
where   and denote the proportion of individuals of type  in the economy and the government's exogenous revenue requirement, and the self-selection constraints
Denote the Lagrangian expression by L, and the Lagrangian multipliers associated with the resource constraint (6) by , and with the self-selection constraints (7) by   .
We have
The first-order conditions of this problem with respect to      , for   = 1 2     , and   , for  = 1 2     , characterize the Pareto-efficient allocations constrained by the resource constraint, the self-selection constraints, and the linearity of commodity taxes. 4 Indirectly because the optimization is over a mix of quantities and prices. Upon the determination of the commodity prices, utility-maximizing individuals would choose the quantities themselves. 5 Recall that 0 is non-taxable so that one cannot optimize over its consumer price 0.
Atkinson and Stiglitz theorem and optimal commodity taxes
Denote, ∀  , the compensated demand corresponding to    by   and introduce
Thus ∆ denotes the  ×  matrix derived from the ( + 1) × ( + 1) Slutsky matrix, aggregated over all individuals, by deleting its first row and column corresponding to the household good  0 . Denote the partial derivative of   with respect to   by    . We prove in the Appendix that the optimal commodity taxes are given by 6
Expressions (10) show that whenever    =    , ∀  , then all commodity taxes are equal to zero. 7 That is, for tax purposes, market goods should be treated the same way as the good produced within the household.
Absent household goods
To set the stage for studying the structure of taxes in our setting, we begin by taking a detour to the traditional framework when there is no household good and all goods are produced in the market. To represent this case within our formulation, one needs only set  0 = 0 while assuming that  0 is a market good too. At first blush, however, this assumption appears to open up the possibility of levying a tax on good 0. Yet, as is well known in the optimal tax literature, under this circumstance, the optimal tax rates are 6 Observe that ∆ is of full rank so that its inverse exists; see Takayama (1985) . 7 This is sufficient but not necessary; a weaker condition requires that
not unique. The reason is that with all goods being purchased in the market,  0 and  become homogeneous of degree zero in market prices and income:  0 , and . This means that consumer prices can be determined only up to a proportionality factor.
To deal with this issue, the literature typically normalizes one of the consumer prices to one. Following this procedure, one may just as well choose good 0 to be the good whose price is fixed and normalized to one. With  0 = 1, tax optimization is carried out, as in our setting, over  = 1 2      but not  = 0. Consequently, one retrieves our previous result for the optimal tax rates given by (10). Moreover, in this case,
, in conjunction with optimization over  0 and  subject to the budget constraint
It follows from solving the above equations along with the budget constraint P  =0     =  that the demand functions for all goods including  0 are independent of leisure. Consequently, with individuals  and  mimicking , having the same disposable income   (and facing the same prices), their demands will be identical. Put differently, one has 
The presence of household goods
We now return to our original setting with  0 being produced within the household.
It is rather obvious that in this case, weak-separability of preferences between goods and leisure no longer ensures that commodity taxes are zero.
equations (1)- (2) are simplified to
If one now were to "solve" equations (11) along with the budget constraint P  =1     =  for , the resulting equations will be dependent on  0 . But simple inspection of (12) reveals that  0 depends on . Hence the demand functions for  will also depend on .
As a consequence, the -type individual's demand for good  will depend on his wage   (whether he reports his type to be  or  6 = ). Thus, whereas the -type individual's demand for good  depends on   , the "mimicker's" demand-the demand by a -type who reports his type as -will be a function of   . It then follows that in general
 so that, from (10), the Atkinson and Stiglitz result breaks down. In words, when one of the goods is produced in the household, weak-separability of preferences between goods and leisure is no longer sufficient to make commodity taxation redundant.
Next, we show that the AS theorem can be restored under a slightly different separability condition. Assume that preferences are weakly-separable in market goods on the one hand, and leisure and household goods on the other. One can then rewrite the
Under this circumstance, the (conditional) demand functions for , as specified in (3), will be independent of
To see this, observe that given , maximization of the direct utility function subject to the budget constraint P  =1     =  now yields
With (13) being independent of  0 , "solving" these ( − 1) equations, alongside the This follows because, with separability, the direct utility function is written as
commodity taxes are equal to zero. Of course, the demand for household good  0 will depend on a person's type and his assigned income. 9 However, under the considered type of separability, this has no impact on the conditional demands for market goods .
Conclusion
This note has shown that the celebrated AS result, stating that commodity taxes should be uniform if preferences are weakly separable between goods and leisure, does not apply when (at least) one of the goods is produced within the household. On the other hand, the AS theorem can be restored if preferences are weakly separable in market goods on the one hand, and leisure and household goods on the other.
Finally, we should point out that our results hold regardless of how many household goods there are. While there was only one household good in our formulation, this was simply for expositional ease. A quick inspection of equations (13) shows clearly that the separability condition considered is sufficient for uniform commodity taxes even if  0 is a vector comprising two or more household goods. Of course, this requires that all household goods to be weakly separable from the market goods. 9 The first-order condition in maximization of  (·) with respect to 0 is 
